We analyze the coset model (E c 2 × E c 2 )/E c 2 and construct a class of exact string vacua which describe plane gravitational waves and their duals, generalizing the plane wave background found by Nappi and Witten. In particular, the vector gauging describes a two-parameter family of singular geometries with two isometries, which is dual to plane gravitational waves. In addition, there is a mixed vector-axial gauging which describes a one-parameter family of plane waves with five isometries. These two backgrounds are related by a duality transformation which generalizes the known axial-vector duality for abelian subgroups.
Introduction
The search of exact non-trivial background solutions in string theory plays an important role in understanding the structure of space time at short distances and how string dynamics modifies gravitational interactions. In particular, one is interested to discover how string theory affects space time singularities that are present in many solutions of classical general relativity, such as black holes. On the one hand one would like to find string generalizations of known nontrivial solutions of Einstein's equations, while on the other hand one would like to determine the corresponding conformal field theories which allows in principle to study the string excitations and their interactions around these backgrounds.
Although this background identification is useful to establish the connection of string solutions with known spaces in general relativity, its validity is restricted only to the region of small curvatures where string interactions can be neglected. An important tool for relating different background solutions which are valid in separate kinematic regions of the same string vacuum is provided by duality transformations (see e.g. [1] for a review). In this way, one may relate spaces which look very different from a geometric and topological point of view, in particular exhibiting different singularity structure, though originating from the same conformal field theory (CFT). Duality was shown to be an exact symmetry of string theory in the case of compact spaces [2] as well as in non-compact abelian coset models [3] , a property which is believed to be valid generally.
An interesting class of solutions of Einstein's equations consists of plane gravitational waves [4, 5] . It was recently shown [6] that the most symmetric gravitational wave (with seven isometries) can be extended to an exact string background, described by a Wess-Zumino-Witten (WZW) model on the nonsemi-simple group E c 2 which is the central extension of the Euclidean group in two dimensions. Furthermore, it was shown that any plane gravitational wave can be extended to an exact string background [7] , although the underlying conformal field theories remain to be discovered. Finally, several generalizations [8] of the E gravitational waves and their duals, depending on continuous parameters. It is based on the gauged WZW model (E a) The vector gauging depends on an additional continuous parameter and it describes a singular geometry with two isometries, which is dual to plane gravitational waves.
b) A mixed vector-axial type gauging, based on the existence of a non-trivial outer automorphism of the subgroup H = E c 2 , which describes a oneparameter family of plane gravitational waves with 5 isometries.
These two geometries are shown to be dual to the same background which corresponds again to a class of plane gravitational waves. The latter, however, depends on two parameters and has 6 Killing symmetries. This duality generalizes the known axial-vector duality for abelian subgroups.
The paper is organized as follows. In Section 2, we present a general discussion of string backgrounds describing plane gravitational waves which can be classified according to their number of Killing symmetries. We also compute their duals with respect to the abelian non-null isometries. In Section 3, we review the WZW model on E
Plane Gravitational Waves
We start with a discussion of the most general class of conformally invariant σ-models
that correspond to strings propagating in a background of plane gravitational waves. Here G µν is the background metric, B µν the antisymmetric tensor and Φ the dilaton.
It was shown in Ref. [7] (though in a different basis) that the metric, antisymmetric tensor and dilaton given by
satisfy the one-loop beta functions of conformal invariance, where f (u) is an arbitrary complex funtion, and g(u) and b(u) are arbitrary real functions. Primes denote derivatives with respect to u.
The metric (2.2a) describes a plane gravitational wave, and the antisymmetric tensor and dilaton are chosen such that they respect the Killing symmetries of the gravitational wave. In fact, eq.(2.2c) on F (u) is a consequence of the one-loop beta functions [11] 
where H µνλ = 3∇ [µ B νλ] is the antisymmetric tensor field strength and R µν is the Ricci tensor. One finds that for general F (u) all equations are satisfied, except β G uu , whose vanishing then results in eq.(2.2c). Moreover, because all scalar invariants vanish the central charge deficit c − 4 in (2.3c) is zero.
The non-zero components of the Rieman tensor, Ricci tensor, antisymmetric field strength, and squared antisymmetric field strength, for the the background in (2.2) are
and the scalar curvature is obviously zero. Moreover, it was argued [6, 7] that the 1-loop solution is an exact background to all orders in α ′ , as one can check that all higher-order contractions of the relevant tensors vanish.
For general f (u), g(u) and b(u), the geometry in (2.2) has five Killing vectors, one of which is the null Killing vector
which is characteristic for gravitational waves. In eq.(2.5), µ refers to ζ,ζ, u, v, in that order. In fact, the metric (2.2a) is of pure radiation type [5] , which describes a solution of Einstein's equations with energy momentum tensor
Moreover, the null Killing vector is covariantly constant, which defines the subset of plane-fronted gravitational waves, discovered by Brinkmann [4] , which in turn includes the plane wave solution (2.2a) as a special case. Its additional four space-like Killing vectors are given by
where λ(u) satisfies the differential equation
gives rise to four integration constants in (2.7).
Among the five Killing vectors one can find a subset of three commuting Killing vectors, one null and two space-like, wich are manifest in the following alternate form of the background
where we have made the coordinate transformation
with α m (u), m = 1, 2 complex functions satisfying (2.9b). This coordinate transformation also generates non zero components B 1u and B 2u , which were gauged away by a gauge transformation
A special case of the metric is obtained when f = 0. In this case, we have at least six Killing vectors, the null Killing vector (2.5) and five space-like Killing vectors wich are given by
where h(u) contains two integration constants. Note that compared to the general case, we have the extra "rotational" symmetry (2.10b). If in addition F is independent of u, so that m µ = (0, 0, 1, 0) is also a Killing vector, we arrive at the most symmetric (non-trivial) plane gravitational wave, with seven isometries. The background found by Nappi and Witten [6] for the E For use below, we give here the basis in which the rotational symmetry is manifest. First, we perform the basis transformation in (2.9), with α 1 = −iα 2 = h(u)/ √ 2, where h(u) is a solution of the differential equation (2.10a). Subsequently, we define polar coordinates x 1 = r cos θ, x 2 = r sin θ, and find
showing the abelian isometry in the θ-direction.
The various gravitational waves backgrounds, classified according to the number of Killing symmetries they possess, are summarized in Table 1 . Here f, F without arguments stand for u-independent constants. 
We next turn to the study of the background geometries that can be obtained from duality transformations of the plane gravitational wave background. We will restrict to the following two cases: a) O(2, 2) duality corresponding to the two space-like Killing symmetries that are manifest in (2.8).
b) O(1, 1) duality in the case of f = 0, corresponding to the (rotational) space-like Killing vector manifest in (2.11).
These possibilities were also discussed in Ref. [7] , and, in particular, applied to the plane gravitational wave of Ref. [6] . Moreover, a more general possibility of including the null-isometry (combined with other non-null isometries as to avoid singularities in the duality inversion) was considered to show that the Nappi and Witten plane wave is dual to flat space [10, 7] with constant antisymmetric tensor and dilaton, by an O(3, 3) rotation. Finally, we note that in the cases I and III the u-isometry can be incorporated in the duality transformations, though we will not work this out explicitly.
For the case of d abelian isometries in a D-dimensional background geometry, the duality transformations read [1] 
where the matrix Q and the dilaton Φ are independent of the d coordinates First, it is not difficult to see using eq.(2.12) that the dual of (2.8) with respect to either the two commuting space-like isometries, or with respect to any linear combination of these, is again a gravitational wave.
On the other hand, the dual geometry with respect to the θ-isometry in (2.11) is
which is clearly not anymore of the type (2.2), and corresponds to a curved background with Ricci tensor and scalar curvature,
showing singularities at r = 0. This solution can be viewed as a new singular solution to Einstein's equations, with non-trivial matter. We remind the reader that the function h(u) is dependent on g(u) and b(u), through eq.(2.2c) and the differential equation in (2.10a). We have checked that the metric has in general no other Killing symmetries, besides the manifest space-like and null Killing isometry.
In the remainder of the paper, we will find explicit conformal field theoretic realizations of the plane wave geometries and their duals, discussed above.
The WZW Model on E c 2
In this section we review the WZW action on the non-semi-simple group E c 2 [6] , whose algebra is given by
which is a central extension of the two-dimensional Poincare algebra. Although the Killing metric η ab = f ac d f bd c is degenerate, there exists a non-degenerate invariant bilinear form,
which is symmetric and satisfies Ω ad f bc d + Ω bd f ac d = 0. Due to these properties, the bilinear form can be used to construct the WZW action
by replacing Tr(T a T b ) with Ω ab .
To evaluate the action explicitly one may use the parametrization
in which case we find,
Then, the resulting WZW action is given by
By rescaling the space-time coordinates, it is possible to scale out the parameter k, so that we will choose k = 1 in the remainder of the paper. Moreover, the parameter b can also be removed by coordinate transformations, so we will set b = 0 throughout the paper as well.
The corresponding metric in the σ-model description is a conformally invariant plane gravitational wave. Changing coordinates,
the geometry reads
where we also applied a gauge transformation to the antisymmetric tensor field. This background is of the form (2.2), with f (u) = 0, b(u) = u, g(u) = const., and F (u) = 1 4 , in agreement with (2.2c).
Comparing with Table 1 , we establish that this is the most symmetric plane graviational wave, corresponding to case I, whose seven Killing vectors are in the basis x µ = (ζ,ζ, u, v) of (3.8) given by,
where we used the general expressions in (2.10). Here, a summation over any pair of lower and upper indices is understood, while we have used the same notation for the Killing vectors ξ µ and the corresponding Lie algebra generators ξ µ ∂ µ . The form (2.11) of the metric is also easily obtained by taking e.g. h(u) = cos(u/2). As can be seen explictly from the Lie algebra satisfied by these Killing vectors, one can find a subalgebra of three commuting generators.
We also remark that the corresponding exact CFT of this model was identified as a solution of the Virasoro master equation [12] , with central charge c G = 4. In particular, the stress tensor on
is the natural generalization of the affine-Sugawara construction [13, 14] on E 
is also a solution.
A systematic approach to construct affine-Sugawara constructions on non-semisimple groups was given in Ref. [15] , and further exploited [16] to show that the central charge of these constructions is always an integer equal to the dimension of the Lie algebra.
Our aim in this paper is to compute and examine the geometry of the gauged
To this end we first recall a result obtained in Ref. [17] , concerning different ways of gauging a WZW model, which will turn out to be relevant for the particular coset theory that we wish to investigate.
Given a gauged WZW model G/H, for each outer automorphism of the H algebra there is an inequivalent way of choosing the world-sheet gauge group in an anomaly-free way. More precisely, let S be an outer automorphism of H, so that
where f ab c are the structure constants of H and Ω ab the Killing metric on H, or, more generally, the invariant bilinear form on H when H is non-semisimple. Then the world-sheet gauge group can be chosen to be The corresponding action may then be written as,
(4.3a)
where the WZW action I W ZW (g) is defined in eq.(3.3), and the gauge fields A l andĀ r take values in the subgroup H, as indicated. It is not difficult to check, using the Polyakov-Wiegmann identity and the properties in (4.1) that this action is invariant under the gauge transformations
where h l and h r are elements of the subgroup H.
Here, the usual vector gauging corresponds to the trivial automorphism S = 1. The axial gauging (which is anomaly-free for abelian subgroups) corresponds to S = −1, which is clearly an outer automorphism for abelian groups. However, the result above implies that even when the subgroup is non-abelian, the existence of non-trivial outer automorphisms gives rise to non-equivalent ways of gauging besides the vector gauging, which are typically of a mixed vectoraxial type. Such outer automorphisms occur for example in SU(n), SO(2n) with n ≥ 3, and E 6 groups (when H is a compact non-abelian subgroup). In analogy with the duality between the vector-and axial gauging [18] that was found for abelian H, one similarly expects a duality between the vector and the mixed vector-axial gaugings for non-abelian H. This is indeed the case, in the particular gauged WZW model that will be discussed below.
To obtain more general non-trivial four-dimensional string backgrounds, we now turn to the gauged WZW model on the product group G = E c 2 × E c 2 . Using (3.4), the group elements of G can be parametrized as
where T
where ν is an arbitrary parameter, and ǫ labels two distinct sectors of the embedding. The case ǫ = ν = 1 corresponds to the diagonal subgroup. Note that the same model is found, when one leaves the levels k 1 , k 2 arbitrary and one gauges the diagonal subgroup, with the identification ν = k 2 /k 1 .
Moreover, the subgroup H = E c 2 has a non-trivial outer automorphism,
so that, according to the general result above, we can distinguish two different world-sheet gaugings, the vector gauging (corresponding to S = 1) and the mixed vector-axial type, with S given in (4.7).
To compute the action in (4.3) explicitly, we use the subgroup generators (4.6), and the parametrization (4.5) to obtain
where the currents J a (i) ,J a (i) and the matrices ω (i) are given in (3.5), with x → x i , y → y i , u → u i and v → v i , i = 1, 2. Moreover, we use the non-degenerate bilinear form (3.2) to perform the traces over the representation matrices, so that Tr(T
Recall that we have chosen k 1 = k 2 = 1 and b 1 = b 2 = 0 for the arbitrary constants in the bilinear forms.
Then, using eq.(4.3) we obtain
where
2 ), i = 1, 2 denotes the two copies of the WZW action (3.6) on each of the E c 2 factors. Using the form of the currents in (3.5b),(3.5c), the matrix ω in (3.5d), and the action (3.6), it is not difficult to check that the choice ǫ → −ǫ in the subgroup generators (4.6) corresponds to the coordinate transformation u 2 → −u 2 , v 2 → −v 2 so that, without loss of generality, we can take ǫ = 1 in the following. The next step is to choose a gauge fixing, integrate out the gauge fields and determine the background geometry by identifying the action with the σ-model form in (2.1), and reading off the metric G µν , the antisymmetric tensor B µν and the dilaton Φ. This is done for the vector gauging in Section 5 and for the vector-axial gauging in Section 6. The geometries that we will find are all in the general class of plane gravitational waves and their duals, discussed in Section 2, and they are accompanied by a non-constant dilaton.
Of course, we know that this model is conformally invariant to all orders, since there is an underlying CFT based on the G/H coset construction [13, 19] . For completeness, we give here the form of the corresponding stress tensor (4.13)
We have verified explicitly that the coset stress tensor in (4.11) sastisfies the Virasoro master equation, as it should according to the K-conjugation property given in (3.11).
Note that the central charge of the construction is exactly equal to 4, so that, in particular, the central charge deficit appearing in the one-loop dilaton beta function (2.3c) vanishes.
We finally remark that the gauged WZW model should have a remaining chiral U(1) current, since
is a dimension ∆ = (1, 0) operator of the coset construction in (4.11). In fact, this chiral symmetry, is the origin of the existence of a null Killing vector in the geometries we will find below.
The Vector-Gauged Model
In this section, we discuss the evaluation of the action (4.10) for the vector gauging, corresponding to S = 1. First, we find a gauge-fixing by studying the transformations in (4.4a) which show that we may choose
Note that it is only possible to eliminate three from the eight degrees of freedom, so that naively a five dimensional target space in the gauged model is expected. However, when integrating out the gauge fields in (4.10) we also find an additional constraint, which eliminates a fourth degree of freedom.
In fact, the matrix M is singular in this case with
so that when integrating out the fields B 3 andB 3 one finds the constraints
Then, substituting the explicit form of the currents in (4.10c), (3.5b), (3.5c) and usingR from (4.10e), we havē
The general solution is
where we have defined
while ρ is an arbitrary integration constant. Moreover, for the remaining two variables it is useful to perform the change of basis:
Then we can integrate the remaining gauge fields, and obtain
where the non-singular reduced 3 × 3 matrixM iŝ
Moreover, as a result of the integration, we also get a non-trivial dilaton field
The final result for the background geometry (up to a common multiplicative factor) is
where we defined c = cos u , s = sin u ,c ρ = cos(κu − ρ) ,s ρ = sin(κu − ρ) (5.11a)
The geometry (5.10) depends on the two arbitrary parameters κ and ρ.
Comparing with the general background (2.13) dual to the plane wave, we see that (5.10) is precisely of this form (up to a constant rescaling r → r/(1−κ 2 )),
with the identifications
where we used the relation
It follows from the discussion of Section 2, that to check the one-loop beta functions, we may use the results in (5.12) to compute F (u) = h(u) ′′ /h(u) and
2 (see (2.10a) and (2.13b)). Using also g(u), one can verify that the condition (2.2c) is indeed satisfied as it should.
The Ricci tensor for the metric can be obtained using (2.14) and (5.12) and, in particular, the curvature scalar of the metric is
which has singularities at r = 0 and u = nπ, n ∈ Z Z.
The Mixed Vector-Axial Gauged Model
In this section, we evaluate the action (4.10) for the mixed vector-axial gauging, which corresponds to the non-trivial outer automorphism S in (4.7). First, by studying the gauge transformations in (4.4a), we make the gauge-fixing choice:
(6.1) Note that, in contrast to the vector gauging of the previous section, the gauge fixing now eliminates four degrees of freedom, as expected generically. Indeed, in this case the matrix M in eq.(4.10d) is non-degenerate, so that no additional constraints arise from integrating out the gauge fields.
The resulting action is
where the matrix M, in terms of the parameter κ defined in (5.6), takes the form:
After some algebra, one obtains the following background geometry (up to a multiplicative factor):
(6.4c) so that the antisymmetric tensor field is pure gauge and can be discarded.
After a tedious but straightforward calculation, whose details can be found in Appendix A, one finds that the metric (6.4a) can be transformed into the two alternate forms
where in the last form we have used the definitionsc ρ ,s ρ and F ± (u, ρ) in (5.11) at ρ = 0. Note that this class of backgrounds depends on one continuous parameter κ.
Comparison of (6.5) with Table 1 , shows that this is a generic plane gravitational wave with five Killing vectors, corresponding to case IV. It is easy to check that the relation (2.2c) is obeyed using F (u) = (sin u) −2 , g(u) = sin u, and b(u) = 0, so that the background is conformally invariant to all orders. The explicit form of the non-vanishing component of the Ricci tensor and the curvature scalar are
where we used eq.(2.4) and F (u) in (6.5b).
As an example, we have computed the five Killing vectors when ν = 1 (κ = 0). In the basis x µ = (ζ,ζ, u, v) of (6.5) they are given by
where we used the general formula in (2.7). This set of Killing vectors satisfies the commutation relations [P
β ] = αδ αβ ǫ ij T , which defines a subalgebra of the 7-dimensional algebra in (3.9).
The Dual Backgrounds
As announced in Section 4, one expects the different geometries obtained by the vector and mixed vector-axial gauging of the (E Starting with the geometry (5.10), the dual background obtained using the isometry in the θ-direction, can be read off immediately from (2.11) and the identifications in (5.12), since we already showed that (5.10) is dual to a plane gravitional wave. In fact, an O(1, 1) duality in the θ-variable results in
For completeness, we also give the alternate form
showing that this is a gravitational wave of the type II in Table 1 , with six Killing vectors. One can check conformal invariance by verifying the relation (2.2c), and relevant geometric quantities can be easily read off from (2.4).
As an example, we have computed again the six Killing vectors when ν = 1 (κ = 0). In the basis x µ = (ζ,ζ, u, v) of (7.2a), these are given by
where we used (2.10a). The commutation relations of the corresponding generators P (i) α , T, J define a six-dimensional subalgebra of the Lie algebra in (3.9):
Turning to the dual of the vector-axial gauged model, we note that we now have three commuting isometries at our disposal, generating an O(3, 3) duality. To establish the connection with the vector-gauged model, it suffices, however, to restrict to the duality transformations corresponding to the space-like Killing symmetries.
Looking at (6.6), we see that we can either compute the dual with respect to the O(2, 2) transformations in the (x, y)-coordinates or we can take the dual with respect to an isometry formed by an arbitrary linear combination of x and y. In the first case, one finds that the metric is self-dual. In the second case, we first apply the rotation
which leaves the metric (6.6) of the same form, with the substitutions
Of course, the parameter ρ introduced in this way is unphysical at this point. However, the dual metric with respect to the x ′ -isometry coincides with the background (7.1) obtained as the dual of the vector-gauged model, which has a non-trivial ρ-dependence.
We recall here that the ρ-dependence of the dual background (7.1) originates from the constraint (5.3) when viewed as the dual of the vector-gauged model. On the other hand, when viewed as the dual of the vector-axial gauged model, its origin lies in the coordinate transformation (7.4).
Hence, we have established that both the vector and the vector-axial gauged models are mapped onto the same geometry with duality tranformations. Note that these transformations modify the number of isometries of the background at each stage of their application.
Conclusions
We have discussed the most general class of conformally invariant σ-models corresponding to strings propagating in a background of plane graviational waves in four dimensions. These backgrounds can be classified according to their number of Killing symmetries, ranging from the generic number five to the most symmetric case with seven Killing vectors. In all cases the Cartan subgroup consists of three commuting isometries, two space-like and one null. Moreover, two inequivalent world-sheet gaugings for this subgroup were found, the usual vector-gauging, and a mixed vector-axial gauging which arises due to a nontrivial outer automorphism of H.
The vector gauging leads to a singular geometry (with non-zero scalar curvature) which is dual to a plane graviational wave background, while the mixed vector-axial gauging gives rise to a plane graviational wave with five isometries. These distinct backgrounds were shown to be related by duality transformations, as one expects by analogy with the axial-vector duality for abelian subgroups.
The results are summarized in the following diagram
• vector gauging ⇒ singular geometry (2 isometries) • mixed vector-axial gauging ⇒ plane graviational wave (5 isometries) ց ր dual geometry ⇒ plane gravitational wave (6 isometries) where the dual geometry was obtained via O(1, 1) duality transformations. For the vector gauged model, we employed the rotational isometry, while for the mixed vector-axial gauged model, a one-parameter linear combination of two translational isometries was used. All three geometries displayed in the above diagram exhibit a different number of Killing vectors, as indicated.
It is an open problem to investigate whether this duality symmetry between the vector and vector-axial gauged model is an exact symmetry of the corresponding conformal field theories. It is also interesting to derive the string excitations around these backgrounds and study their interactions by computing physical quantities, such as the partition function and correlation functions. where we omit listing the functions p i (u), i = 1, 2, 3 since they are not needed for the final coordinate transformation. Then, we set x 2 = i 2g 1 (u) (ζ −ζ) , y 2 = 1 2g 2 (u) (ζ +ζ) (A.8a)
which leads to the metric given in (6.5).
To show the equivalence with the alternate form in (6.6), we start with that metric and discuss how to get back to the form (6.5). First, we make the following transformation in (6.6), 0 + 2κs(1 + cc 0 )]) (A.9d) which was found by determining α 1 , α 2 such that g mn = 2ᾱ (m α n) in the subspace spanned by x, y (this corresponds to taking the inverse of the transformation (2.9)). The metric (6.6) then takes the form
, |f (u)| 2 = (c 2 + κ 2 s 2 )/(4s 4 ) (A.10b)
where the angle θ f (u) and functionF (u) are complicated functions of u, which we do not list here.
Finally, we perform the rotation Inserting this expression in the metric (A.12), and subsequently letting u → −u, we find exactly the form (6.5).
